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ON THE STABILITY OF ELASTIC-PLASTIC AND
RIGID-PLASTIC PLATES OF ARBITRARY THICKNESS,
AND FLAT BARS OF ARBITRARY WIDTH

H. RAMSEY

Department of Mechanical Engineering, The University of British Columbia, Vancouver, Canada

Abstract—Constitutive relations in a form suitable for use in stability problems are derived for an elastic—plastic
material undergoing a perturbation from a state of uniaxial stress, based on Green and Naghdi’s general theory
of an elastic-plastic continuum [1]. The deformation is considered to be quasi-static and isothermal, the material
is assumed to yield according to the von Mises criterion, and to flow plastically according to the Reuss equations.
The elastic strain rates are determined from Hooke’s law. These relations are then applied to study the influence
of plate thickness on the instability of a rectangular plate under uniform uniaxial compression. The instability
of the surface of a compressed semi-infinite elastic-plastic continuum is then considered as the limiting case of
infinite plate thickness. It is found that plastic flow has little influence on surface instability which is attributed
to elastic deformation. Finally, two cases are considered for a rigid-plastic material, plane strain and plane
stress, in order to compare the present treatment with previous work.

1. INTRODUCTION

ONE PARTICULAR objective of the present investigation is to determine whether plastic
flow can lead to local instability of the surface of a compressed elastic—plastic body. Such
mnstability would result in an apparent reduction of surface hardness, and the phenomenon
could be of some interest in orogenic processes. Elastic materials exhibit this instability,
as shown by the work of Biot {2, 3], John [4}, and Kerr [S], but at a critical stress which is on
the order of the elastic constants of the material. Rubber-like materials can sustain stresses
on the order of the elastic constants, and surface instability is readily observable in these
materials. Crystalline materials, however, cannot support such stresses, and so surface
instability cannot occur physically as the result of elastic deformation. For ductile elastic-
plastic materials, stresses can be on the order of the tangent modulus, and the question then
arises whether plastic flow can lead to surface instability.

The instability of the surface of a compressed semi-infinite elastic—plastic continuum is
taken as the limiting case of plate buckling as the ratio of plate thickness to buckling wave-
length approaches infinity. In the following, two modes of plate buckling are treated in
parallel, the antisymmetrical bending mode shown in Fig. 1, which is the usual buckling
mode considered in the strength of materials treatment of plate buckling, and the symmetric
bulging mode shown in Fig. 2. By basing the investigation on a plate of arbitrary thickness,
it is possible to check the present treatment with the Euler buckling load for thin elastic
plates, and the tangent modulus buckling load for thin elastic-plastic plates, in addition to
providing results which apply to thick plates. The symmetric bulging mode may contribute
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to the bulging of specimens when tested in compression, as suggested by Goodier [6].
This bulging is usually attributed entirely to the restraint caused by friction between the
specimen and the platens of the testing machine. When the direction of stress is reversed,
the symmetric mode describes necking.

Agreement is found with the solution given by Cowper and Onat [7] for the instability
of a rigid—plastic platc under plane strain. An extension of the results of 7] is suggested for
the case where the ratio of plate thickness to buckling wavelength is greater than one-half.
In the present treatment, the stress rates satisfy the condition of objectivity. For the case of
plane stress, an interesting difference between [6] and the present treatment arises due to
different stress rates being used in the von Mises yield condition, both of which are objective.

2. CONSTITUTIVE EQUATIONS

Following Green and Naghdi [1], we designate the current position of a material point
of the continuum in a state B by the coordinates y,, referred to fixed rectangular cartesian
axes, and the initial position of the same material point by the coordinates Yj,. As the defor-
mation of the continuum proceeds, the coordinates Yj, define a convected curvilinear co-
ordinate system related to fixed rectangular cartesian axes by

ym = ym(yla Y29 Y3,f} (21)
where t is time. The strain tensor ey, is given by ([1], equation (2.17))
2egs = VixViL — ki (2.2)

In (2.2), ( ),)s denotes partial differentiation with respect to Yy, the summation convention
applies to the repeated index, and dy, is the Kronecker delta. The total strain is the sum of
an elastic part denoted by a single prime, and a plastic part denoted by a double prime,
{{1}, equation (5.2)},

exr = €k +ekr (2.3)
We designate the covariant metric tensor of state B referred to the coordinate system
Yy by gxr- Then
gxr = Oy + 2(exr +€ky), (2.4)
and since the elastic strains e, are small, at least in crystalline materials,
gxr = Ogp+2€ky. (2.5)
The constitutive equation for the elastic strains is taken as the relation
Eejr, = [(1 +v)gxmgn— vExrgmn) T (2.6)

where E is Young’s modulus, v is Poisson’s ratio, and TMN is the symmetric contravariant
true stress tensor referred to the coordinate system Y,,. Equation (2.6) is similar in form to
the usual statement of Hooke’s law ([8], equation (5.4.32)), except that the metric tensor
gk, refers to the current deformed configuration of the continuum, rather than the initial
state. For finite elastic—plastic deformations, the use of gg, rather than dx; is appropriate.
Since gg, depends on ¢, , from (2.5), the constitutive equation (2.6) takes account of the
result established in [1] that during unloading the strain tensor depends on the existing
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plastic strain and is not just a function of stress, the temperature remaining constant.
When approximations of the type (2.5) are allowed for, the constitutive relation (2.6) can
be based on the Helmholtz function of Section 6 in [1] (see Appendix).

From (2.6), the constitutive equation for the elastic strain rates is

Eé; = [(1+V)ExmEry +8xmBrn)— VExi&un + &xr&an)] TN

+[(L+ V)gxm&in — vEx1&rn) T,

where the superposed dot designates partial differentiation with respect to ¢t holding Yy,
constant. An important feature of (2.7) is that the elastic strain rates depend on the plastic
strain rates. There is a simple kinematic explanation for this. An elastic-perfectly plastic
material, for example, flows under constant stress. The state of elastic strain remains con-
stant, but the components of elastic strain ej; change since the convected coordinate system
to which they refer is changing.

We proceed now to derive a constitutive relation for plastic strain rates which satisfies
the condition of incompressibility and which is based on a yield condition that is indepen-
dent of hydrostatic stress. We designate the stress tensor referred to the fixed rectangular
cartesian axes y,, by o;; and define a plastic deformation rate d; by ([1], equation (8.2))

2.7)

€L = Vi KYj, Ld" (2.8)
The isothermal isotropic yield condition of von Mises given by
f - 2(61m Jjn %5ij5mn)aijo-mn (29)

is independent of hydrostatic stress. We relate the yield condition (2.9) to d}; by the con-
stitutive relation ([1], equation (8.25) and (8.26))

dj; = AB,Jaaf B puns (%am >0 (2.10)

where ([1], equation (8.23))
615 = 015+ WoiGpnj+ W 0. (2.11)
In (2.11), W;; is a skew-symmetric tensor depending on the motion of the continuum. We

formulate the Reuss flow rule, that the plastic strain rates are proportional to the com-
ponents of the deviatoric stress tensor, by putting

By = (5im5jn -3 5ij5mn)0mn (2.12)

in (2.10). Now the condition of incompressibility d}; = 0 ([1], equation (11.10)) is satisfied
since f3; = 0.

The current state B of the continuum is now restricted to be a state of uniform finite
strain described by specializing (2.1) to the form

Vm = Gup(0) Yy (2.13)
where
A:(2) 0 0

amM(t)= 0 lz(f) 0 N
0 0 A
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A1(t), 25(t), 25(t) being the extension ratios. Since the material is isotropic, the stress tensor
o;; has the corresponding form

o,; O 0
o;=|0 05 0 (2.14)
0 0 o33

For this special form of o}, (2.14), it follows from (2.11) that
611:0"11’ 623 =632, 633:‘3'33~ (2.15)

In order to use the plastic deformation rates d; in conjunction with the elastic strain
rates €y, in (2.7), it is convenient to introduce a second system of convected coordinates
0,,. The covariant metric tensor referred to the coordinate system 6, is denoted by G,;,
the covariant strain tensor by y,;, and the contravariant true stress tensor by t. We assume
the deformation is uniform as described by (2.13) until t = t,. At time t, the continuum is
tested for instability by considering a bifurcation of (2.13). The convected system of co-
ordinates 8, at t = t, is related to the fixed rectangular cartesian axes y,, by

Vi = Oy (t = to). (2.16)
Hence

G, = &, (t = to). (2.17)

ij ij»
The plastic strain rate 77; is related to ég; by

80" 907

L = o o 2.18
kL= 5y, oy, i (218)

where 60™/0Y,, is independent of ¢. Then from (2.8) and (2.16), it follows that
V=G (= 1p) (2.19)

We denote the velocity of a material point referred to the fixed rectangular cartesian axes
Ym DY ¥y, and put

Pm = w0y, 05, 03), (t = to). (2.20)

The relation between the stress rates ¢,; and i/ is obtained by differentiating the transfor-
mation

oy 6)’,’
o= oL mn 2.21
0.'] aem 60'!‘[ ( )
partially with respect to ¢ holding 0,,, and hence Y}, constant. From (2.16) and (2.20),
it follows that
aWi aW]

s jm 70 im i t = to) 2.22
6= sgnt" Tagn T T ( 0) (2.22)

We note also that
6y = 19, (t = to) (2.23)

i
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The total strain rate j;; is simply related to the velocity field (2.20). From (2.3), (2.4) and
equation (4.2.8) of [8], we find

3. PLANE STRAIN PERTURBATION SUPERPOSED ON SUSTAINED FLOW
UNDER UNIAXIAL STRESS

A rectangular plate of length 2L, thickness 2h, and width 2b much greater than the
thickness at time t, is under uniform compressive stress P acting parallel to the length.
The fixed rectangular cartesian axes y,, are oriented so that the y, axis is in the direction of
the length of the plate, and the y, axis is in the direction of the thickness, Figs. 1 and 2.
From (2.23), it follows that t'! = — P, and the other components of 7"/ are zero. The com-
pressed edges of the plate are the material surfaces 6, = + L, and the material surfaces
6, = +h of the plate remain free from traction. A state of generalized plane strain sub-
sequent to time ¢, is specified by writing the functions w,, in (2.20) as

wy = ul(x, y) wy, = v(x, ) wi = w(z) (3.1)
and the stress rates t/ as
it =tll(x,y) P2 =120y 1P =1 y)
#2 = 112(x,y) 12 =1 =0 42
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FIG. 2. Symmetric mode.
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In (3.1) and (3.2), we have put 6, = x, 0, = y, 0; = z. The elastic strain rates 71, in the
presence of the prestress t'! = — P are, from (2.7) and (2.17),

Ejy; = —2PGy, +t11 — (1?2 4 1%3)

Epyy = vPIG+ Gpp)+ 12 —w(#33  £11)

It

Ejy3 = vP(G 11+ Gy3)+ 10 — (i +122) 3
Ej, = —PG+(1+v)t'2, (= 1t,)
and the plastic strain rates j;;, from (2.9), (2.10), (2.12), (2.15), (2.19), and (2.22), are
iy = —21H[4qu “+t”+f33J
: . 1
Vi = T35 = Z}{[4Pa——2‘r“+t”+t”J (3.4)

712 =0, (t = 1o).

where H = 9/(41P?%). Combining (3.3) and (3.4), using (2.3), (2.24), and (3.1), and collecting
terms, we obtain:

vl )

Sl e < (142220,
2w TEC T\ E T

1 L 1y.,, AT 2vP 2vP P
@ﬁJ +ﬂﬁif+ﬁrﬂ’ 1= )72~ )i
(3.5)
R PRV LN PPPO I o= i 2P\ . 2P P
“2HTE 4H E 4H E|t g7\ E TE/
E 2P
212 I P
1 ——~1+v(1+E)y12. (3.6)

The quantity H in (3.4) and (3.5), which in turn is related to 4, can now be referred to the
slope of the uniaxial stress—strain curve. For continuing uniaxial stress, the first of (3.5)

reduces to
1 1 40 2o
(E*J’ P‘E‘ﬁ%” 37

where we have put —P = ¢. The tangent modulus E; is defined as the slope of the physical
stress (force/current area) versus logarithmic strain curve. The physical stress ¢ and the
stress rate ¢ coincide with ¢, and &, respectively. Then

¢ = Eryn (3.8)
since j,, = du/0x, the rate of increase in length per current unit length which is the logarith-
mic strain rate. From (2.22), (3.7), and (3.8) it follows that

1 1 1 20
e e 39
H E; E EE; (39)
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The plastic behaviour of the material is now described by a single parameter, the tangent
modulus E, which is assumed to be known as a function of stress ¢ (tension) or P (com-
pression). For a rigid-plastic material (E — o), H coincides with the tangent modulus Ey.

The equations of equilibrium for the stress rates ¥, for zero body force, are ([8],
equation (4.2.21))

0%u 0% ot ott?

P =0
2P5x2 P6x6y+ ax + Jy
Pa_zz;+az'12+af” N (t = to) (3.10)
ox* ox oy

These equations depend upon (2.16) and (2.20), and so apply to a small perturbation from
the uniform state B which is assumed to be an equilibrium state. The convected surfaces
8, = y = +h of the plate remain free from traction provided ([8], equation (4.2.30))

1?2 =12=0 (t=1t) (3.11)

aty = th

The constitutive relations (3.5) and (3.6), the differential equations of equilibrium (3.10),
and the boundary conditions (3.11) are linear in the stress rates t¥ and the strain rates
7:;. Hence the deformation may be treated as plane strain deformation described by the
velocities u, v superposed on uniform deformation under increasing uniaxial stress. Accord-
ingly we put 753 = 0in (3.5), and eliminate #*? since it does not appear in (3.10) or (3.11).
Hence (3.5) reduce to

,i.ll +2,i.22

E ( 4p 4vP)_ E2-v) ( 2vP)
1+— ot 1—

S T E T E v a7
o1y, (12, 2P 4P|

NN 1 M [, 2P 4P 3.12
(H+E)T +(H+E)r I+ (3.12)

+1 +E 12vP’
TR RO 7] A - RS

In (3.5). (3.6) and (3.12) the strain rates j,; are related to the velocities (2.20) by (2.24).

4. SOLUTION OF THE STABILITY PROBLEM

We now seek a solution of (2.24), (3.6),(3.10) and (3.12) satisfying the boundary conditions
(3.11) of the form

u=Ae"sin ax

v = Be"cosax

4.1
11 = Ce™ cos ax 1)
.2

22 = De™ cos ax

where 4, B, C, D, and r are constants, and « = n/L. The expression for  has the property
that u = 0 when x = + L. Thus if the plate is being compressed by rigid frictionless dies
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along theedges x = + L, (4.1) describes a bifurcation from a state of uniform uniaxial stress.
For non-zero 4, B, C, D, from (2.24), (3.6), (3.10) and (3.12) we must have

E 5-4y\[r\* E 1 r\? E 1
I+— -1 — — . — U =
( aH 1_v2)(a) 2(1 aH 1=y (ot) +(1+2H 1—v) 0 *.2)
The four roots of (4.2) may be written
r
L= tlaxib), (=1 (4.3)

where a, b are real positive numbers given by

oyt L-[EAHO=V)]
1+[E(5—4v)/4H(1 —v?)]

2 ane . V+[E2H(1—v)
(@”+5% "1+ [E(5—4v)/4H(1 —v?)]

(i) Elastic case

The plastic strain rates can be set equal to zero by putting 1/H = 0. The roots of (4.2)
for an elastic material are coincident with r/a = + 1. The velocities u, v then may take the
form

u = (A, sinh ay + A,ay cosh ay) sin ox

v = (B, cosh ay+ B,ay sinh ay) cos ox (43)
or
u = (A, cosh ay+ A,ay sinh ay) sin ax
v = (B, sinh ay + B,ay cosh ay) cos ax (46)
where
B, = %_%%%[~Al +(3—4v)4,]

_ 1+(QP/E)
T2 T 1—QwP/EY

In (4.5), v is an even function of y and hence describes the antisymmetrical *‘buckling”
mode shown in Fig. 1; in (4.6), v is an odd function of y and describes the symmetric
“bulging” mode shown in Fig. 2. The boundary conditions (3.11) can be satisfied for
non-zero A,, A,, provided

(1 — v*)(2P/E)

sinh(2ath) B _
+ 20h —i= 1—(—v)- (1+2v)(P/E) (7)

The positive sign on the left hand side of (4.7) should be taken for the antisymmetric mode
described by (4.5), and the negative sign for the symmetric mode described by (4.6).
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We now take the positive sign on the left hand side of (4.7), and retain only the leading
term of the power series expansion of the left hand side in ah; also we take only the leading
term of the power series expansion of the right hand side in P/E. Thus we obtain the Euler
formula for a thin plate of thickness 2h and length 2L buckling into a cylindrical form, the
compressed edges x = + L being built-in against rotation,

2n°h? 2P (L _ E)_ 48)

—_— = —-2—
3z = U=v)5

Since the power series expansion of the left hand side of (4.7) is composed entirely of positive
terms, the solution (4.7) yields a higher buckling stress than the strength of materials
solution (4.8) which neglects shear deformation.

The vanishing of the denominator of the right hand side of (4.7) corresponds to the local
instability of the surface of a compressed semi-infinite elastic continuum (h/L — oo). The
critical stress P is approximately equal to the Young’s modulus E,

o

Pt 49
E  (1-v)(1+2v) (49)

Such a stress is unrealistic for crystalline materials but is possible in rubber-like materials.
The surface instability of rubber in compression is discussed by Biot [3], who uses an
appropriate strain energy function rather than Hooke’s law.

Solutions of (4.7) for the symmetric mode exist for

P 1

E- (122 (4.10)

the value of P/E increasing as h/L decreases. There is no solution for this mode for P/E < 0
(necking in tension).

(i) Elastic-plastic case
It is convenient now to express the velocities u, v in the form

u = (A4 sinh pay+ 4* sinh p*ay) sin ax

4.11)
v = (B cosh pay+ B* cosh p*ay) cos ax
for the antisymmetric mode, Fig. 1, and
u = (A cosh pay+ A* cosh p*ay) sin ax
4.12
v = (Bsinh pay + B* sinh p*ay) cos ax @12
for the symmetric mode, Fig. 2. In (4.11) and (4.12)
p = a+tib, (4.13)

and A, B are complex constants; p*, 4%, B*, are the complex conjugates of p, A, B. The

stress rates ©'', #'2, 1>2, may be expressed in terms of A, A*, B, B*, using (2.24), (3.6) and
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(3.10). We then put y = +h and consider the set of four equations (3.11) and (3.12) which
are homogeneous in 4, A*, B, B*. For non-zero values of these constants,

b sinh(2aah) | = U
~ asinRbah)  V
where

U = (a* +b*)[(1 —v*)+(E/4H)(5—4v)](2P/E)
V=1—(1-=v)(1+2»)(P/E)+(1—v*(P/E)[1 —(a® + b*)] (4.14)
+(E/4H)[1+(2P/E)—(5—4v)(a* + bz)(P/E)]

Again, the plus sign on the left hand side of (4.14) applies for the antisymmetric mode, and
the minus sign for the symmetric mode. As a check, the eigencondition for the elastic case
(4.7) may be recovered from (4.14) by putting 1/H = 0,a = 1, and taking the limitas b — 0.
For the buckling of a thin plate, retaining the leading term in the power series expansion
of each side of (4.14) yields, after cancelling the factor (¢ + b?) which is common to both
sides,
27%h?  [(1~v3)+(E/4H)(5—4v)](2P/E)

3 [ +(E/4H) (4.15)

The result (4.15) is the “tangent modulus™ load which may be defined in analogy to the
tangent modulus load for columns. When a column buckles without reversal in the direction
of straining, the incremental stress—strain relation for the superposed bending deformation
is governed by the tangent to the stress—strain curve for uniaxial stress. For a rectangular
plate buckling into a cylindrical form, the superposed bending deformation occurs under
the constraint of plane strain. Putting 1?2 = 0 in (3.12), eliminating 7,,, and neglecting
terms in P, we find

o BLEAR] 416

(1—v*)+(E/AH)(5—4v)

The coefficient of §,, in (4.16) is the tangent modulus for plane strain. When E/(1 —v?) in
(4.8) is replaced by the coefficient of §,, in (4.16), (4.15) is again obtained.

For ductile metals under uniaxial stress, the maximum value of P/E that may be expected
without some form of rupture occurring may be assumed to be about + 5 per cent. Hence
the right hand side of (4.15) multiplied by (a”+b?) always reasonably approximates the
right hand side of (4.14). At the outset of yielding, ¢ = 1 and b = 0. As the tangent modulus
E; decreases, a diminishes continuously and b increases continuously. As E; becomes
small, a and b approach limiting values governed by Poisson’s ratio v, (3.9) and (4.4). For
v = L these limiting values are approximately a = 3 and b = 3. The left hand side of (4.14)
becomes infinite as h/L increases to %, while the right hand side is of the order of P/E. Hence
solutions of (4.14) for buckling exist only for h/L < %. There are no solutions of (4.14)
within the reasonable range of values of P/E for the symmetric mode, for P/E either positive
or negative. The denominator of the right hand side of (4.14) has a zero which is essentially
independent of the tangent modulus E; and which almost coincides with the value of P/E
given by (4.9). Solutions of (4.14) for the symmetric mode exist for values of P/E greater
than the value for which the denominater on the right hand side of (4.14) vanishes, as for
the elastic case. However, such large stresses are physically unrealistic, and accordingly
this mode of instability could not occur in practice.



On the stability of elastic—plastic and rigid—plastic plates of arbitrary thickness 931

(iii) Rigid—plastic case

The limit of the right hand side of (4.14) as Young’s modulus E increases indefinitely
is zero, and hence no solutions of (4.14) exist for the case of a plate of rigid-plastic material.
This result is in agreement with the expressions given by Hill [9], which describe the most
general velocity field for a rigid-plastic body under uniforim uniaxial stress. These expres-
sions contain just quadratic and linear terms in the current rectangular cartesian coordin-
ates of a material point, and hence exclude the sinusoidal fields (4.11) and (4.12). However,
there are two cognate problems for a rigid—plastic material for which solutions can be
found for both the antisymmetric and symmetric modes, plane strain and plane stress.

The fact that the solution of (4.14) in the limit as h/L increases indefinitely is almost
independent of the tangent modulus E; and practically coincides with that given by (4.9)
for the entirely elastic material, and also the negative result for the rigid—plastic material
suggest that the surface instability indicated by the solution of (4.14) in limit arises from
elastic deformation of the material. Hence the surface instability exhibited by rubber-like
materials could not occur in crystalline materials, even when plastic flow is considered,
since the critical compressive stress is physically unattainable, being on the order of the
elastic constants.

5. INSTABILITY IN PLANE STRAIN OF A RIGID-PLASTIC MATERIAL

The case of plane strain has been considered by Cowper and Onat [7] who base their
analysis on the von Mises yield condition, and refer stress and strain rates to fixed rect-
angular cartesian axes (Onat, [10]). Formulas are given for the critical stress to initiate
necking, and also lateral buckling, which apply when h/L < 4. In the following, a solution
in terms of the present treatment is stated briefly. The eigenconditions obtained are exactly
those given in [7], only an extension of the results to the range h/L > 1 is suggested.

If state B at time t, is a state of uniform plane strain rather than uniform uniaxial stress,
we take 1> = —P/2, in order that ;5 = 0 in (2.12). As before t'! = — P, Hence instead
of (3.4) we have

31 Ju
W= L e | IP o il 22
71t V22 2 H[ o Tt ] (5.1)
For convenience, we put
p=3H =3E;, (5.2)

u being the “‘tangent modulus™ for plane strain, corresponding to E/(1 — v?) for an elastic
material. Now H = E, since 1/E = 0 in (3.9). We rewrite (5.1) as

d
—(2P+ﬂ)5—;+f“—i'” =0 (5.3)

and

u v _
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Since all elastic strain rates are now zero, 3,, = 77, = 0, from (3.6), and hence
ov du B 55
ox  dy (33)
We now seek a solution of the set of five equations (3.10), (5.3), (5.4) and (5.5) satisfying
the boundary conditions u =0 at x = + L and (3.11). Since these equations and the

boundary conditions are all linear in the five unknowns u, v, ', 112, 22, the deformation

they describe may be superposed on uniform deformation due to increasing P.
For the antisymmetric mode, u and v satisfying (5.4) and (5.5) may be written
u = C, sinay sin ax
. (5.6)
v = C, cos ay cOs ax

where C, is an arbitrary constant. The corresponding expressions for t!', t!?, 22 satisfying
(3.10) and (5.3) are

1t = {[(2P + waC, + C,]sin ay + 3uxCy cos oy} cos ax
112 = —{[(P+w/2)aCy + C,] cos oy —pa*Cyy sin ay} sin ax (5.7)
122 = {Fua*C,y cos ay + C, sin ay} cos ax,
where C, is also an arbitrary constant. Similarly, for the symmetric mode, we have
u = C, cosaysin ox
v = —C,sinaycos ax

11t = {[(2P + waC, + C,] cos ay — yua’Cy sin ay} cos ax (5.8)

J

112 = {[(P+ p/2)aC+ C,] sin oy + o> C, y cos ay} sin ox
122 = { —3ua’C,ysin ay+C, cos ay} cos ax.
For C,, C, # 0in (5.7) and (5.8), satisfying the boundary conditions (3.11) requires

sin 2ath _ 1

= 5.
- 20h 142P/u (59)

where the plus sign on the left hand side applies for the antisymmetric mode, and the minus
sign for the symmetric mode. The eigenconditions (5.9) correspond exactly with those of
[7] (equations (21) and (36)). In [7], the tangent modulus in pure shear h is related to the
tangent modulus in uniaxial stress E; by

h=2E; (5.10)
and the shear stress k is P/2. Hence

k_3 P (5.11)

h 4 E;

The left hand side of (5.9) is shown in Fig. 3, (¢ = 2ah = 2nh/L), and the right hand side
in Fig. 4 (S = 2P/u = 3P/2Ey). There are no solutions of (5.9) for

-2 < S8S<0.
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+1.0 —

-1.0 ¢+

Fi1G. 3. The function sin ¢/¢.

-2 120 + 20 S

F1G. 4. The function 1/(1 + ).

For S small and positive, the only solutions of (5.9) are for the antisymmetric mode.
Retaining only the leading terms in the power series expansions in ¢ and S respectively
for each side, we have, for buckling, ¢2/6 = §, or

P 4n*h? (h 1)

= - < 1
7 < (5.12)

E; 9L?
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which gives the critical stress for the tangent modulus buckling load for plane strain. As ¢
increases, the critical value of S increases, S becoming infinite for ¢ = n (h/L = }). For

2h
n<z<{n+1) n=024..) {5.13)
the plate is unstable in the antisymmetric buckling mode, and for

2
r:<zz<(u+1) (nh=1375..) {5.14)

the plate is unstable in the symmetric bulging mode. The lowest value of S for the bulging
mode occurs for ¢ = 449; then S = 3-60. For “bulging” under the least compressive
stress in plane strain,

h

M = 5
L—07]4, B~ 2-40. (5.15)
As ¢ and hence h/L tend to infinity, the critical compressive stress tends to infinity. A
semi-infinite continuum of rigid—plastic material under compression does not exhibit
surface instability as does an elastic continuum, at least if plastic flow is based on the von
Mises yield criterion and associated flow rule. For a very thick plate of elastic or elastic-
plastic material, the deformation due to instability is localized near the surface, whereas
for a rigid-plastic plate, such deformation does not diminish with increasing depth, ¢f. (4.5),
(4.11), and (5.6).

For S negative (tension), the symmetric mode which describes necking is the mode of
instability for maximum S (minimum tension). Further, the tensile stress which causes
necking increases as ¢ and hence h/L increase. For plane strain the minimum tensile stress
a (6 = — P) to produce necking is given by

“"30__] h<1 (5.16)
'U.—4ET~ ’ . o '

For a plate under tension, (5.13) applies to the symmetric mode, and (5.14) to the antisym-
metric mode.

Sewell [11] has disagreed with the plane strain solution of [7]. In general, the stress
rates &, referred to fixed rectangular cartesian axes are not objective ; but since the principal
axes of the stress tensor o, viz. (2.14), coincide with the fixed rectangular cartesian axes
Vs it follows from (2.11), since W,; is skew-symmetric, that the objective stress rates 6,,,
&4,, 6353 coincide with the stress rates 6, ¢,,, 633 respectively. For the state of stress
described by (2.14) and the von Mises yield condition described by (2.9), the stress rates
&11, 035,855 are the only ones which enter into the constitutive relation (2.10). On the other
hand, the shear stress rate &,, as given by (2.11) does not coincide with 6,,, but 6, does
not enter into (2.10) because df/da,, = 0. Thus there is agreement between [7] and the
treatment herein.

6. INSTABILITY IN PLANE STRESS OF A RIGID-PLASTIC MATERIAL

We consider now a flat bar of rigid-plastic material under uniform uniaxial stress in
state B. The orientation of the fixed rectangular cartesian axes y,, is chosen as in Section 3,
only now the dimension 2k parallel to the y, axis is referred to as the width, and the dimen-
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sion 2b parallel to the y, axis is the thickness. All the components of the stress tensor '/
of state B are zero except t!!. The thickness is restricted to be small in comparison with
the length of the bar (b/L < 1), but the width 2k is allowed to vary arbitrarily, 0 < h < 0.
Variations in stress and strain are anticipated to occur predominately in the y,—y, plane,
with negligible variation through the thickness parallel to the y; axis.

Since the state of stress in state B is uniaxial, it remains to justify the anticipation of
sinusoidal velocity fields which describe buckling and necking, in view of Hill’s demonstra-
tion in [9] that the most general exact fields are “‘quadratic”. It follows from (2.12) that
all the shear strain rates are zero, giving

ov du
i 6.1
6x+6y 0 1)

and
ow 0v 6u ow

5t mta O (62)

which follow from (2.24). Since dv/dy = Ow/0z, the condition of incompressibility becomes

u _Ov
a+26_y =0. (6.3)

A solution of (6.1) and (6.3) may be written

u=\/2clsinﬂsinax, a=2
J2 L
(6.4)
v=2C_C, cos%cos ox.
Then,
oo ow 2 oy
o \/7 1 Sin —— J2 cos ax (6.5)
and, integrating,
ay
w= C, sin — cos ax) 2+ f(x, y) 6.6
(e, 0

where f(x, y) is some arbitrary function. Equations (6.2) become, after substitution from
(6.4) and (6.6),

- ffcl COS —— i COS X 6f
L 8y

2 NE
of

z
(\/2C151n\/y s1nax)z+$=0.

=0



936 H. RAMSEY

Since z/L < b/L, the function f(x, y) reduces to a constant in the limit as b/L - 0, and so
may be taken as zero for a sufficiently thin plate, b/L < 1. Thus the plane stress approxima-
tion considered here bears a close similarity to the plane stress approximation in infini-
tesimal elasticity. Equations (6.1) and (6.2) are hyperbolic partial differential equations
for u and v, with characteristics y+./2x = constant. These characteristics appear as slip-
lines inclined at 55° to the y, axis, as observed in tests (Nadai {12], Figs. 19-28).

The edges of the bar, 6, = y = +h, and the lateral surfaces, 6; = z = +b, are to
remain free from surface tractions. These conditions are satisfied provided {{8], equation
4.2.30),

112 =12 =12=0 aty=+h (6.8)
and
=13 =43 =0 atz= +bh (6.9)
A solution of the equations of equilibrium and the constitutive relations satisfying the
boundary conditions (6.8) and (6.9) can be found by taking the stress rates '3, 23, 77

identically zero. The equations of equilibrium corresponding to (3.10) are then ([8],
equation (4.2.21))

otu ottt ottt
o e Tay T

(6.10)
o*v attr gt%?
- o
Pt ot %
where — P = t''. The first of (3.4) becomes, putting i*> = 0,
iy
~(ET+2P)5;+T —1422 = 0. (6.11)

Equations (6.1), (6.3), (6.10), and (6.11) determine the five unknown u, v, t'', t12, 422 The
stress rates satisfy the boundary conditions (6.8). and u = O at x = + L. The velocities (6.4)
describe the antisymmetric “‘bucking” mode, Fig. 1. The corresponding stress rates are,
from (6.10) and (6.11),

« oy

{[(2P+ET)\/2aC +,c2]sm\/2 (P-;«E,) "R 508 '}eosax.

Il

P .
+12 _{UE}E—;-ET}::C +- i ]cos\/2 (2+ET)aC1\/ sm\/;;} sin ox {6.12)

] oy ay Loy
222 o L v LA e X.
i {(2+ET)\/2ch1\/2cos\/2+Czsm\/2} COS ox
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For the symmetric “bulging” mode, Fig. 2,

o
u= \/2C,cosfx

J2

jod
—X COS X

J2
fll:{[(2P+E1)\/2aCl+%C2] cosjy (P )\/2 \/yz \/2} cos ox
12 = {[(3;+Er)ac 4%2 ] \/2 (P+ET)aC1\/2cos\/2} sin ox (6.14)

r‘“:{ (§+ET)\/2aC1\/251n\/2+Czcos\/2} COS 0X.

In (6.4),(6.12),(6.13) and (6.14), C, and C, are arbitrary constants. The boundary conditions
(6.8) on 12 and %2 can be satisfied for C,, C, # 0, provided

sin \/2ah  14+%.(P/Ey)
J2eh  1+3.(P/Eq)
In (6.15), the plus sign on the left hand side applies for the antisymmetric mode, and the

minus sign for the symmetric mode. The left hand side is shown in Fig. 3 (¢ = \/2uh
= /2mh/L) and the right hand side in Fig. 5 (S = P/E;).

sin ax

(6.13)

v=—Csin

(6.15)

N

FiG. 5. The function 1+ S/2 )
1+38/2
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Fpr S > 0 (compression), solutions of (6.15) exist only for the antisymmetric mode.
Retaining the leading terms in the power series expansions in h/L and P/E; leads to the
tangent modulus buckling stress for a narrow bar, h/L < 1,

P ath?
5= e (6.16)

The eigencondition (6.15) admits solutions for a compressed bar for

P h
0 < — < oo, — 51,
<ET<ac 0<L<()51

and P/E; increases from zero to infinity as h/L increases.

For § < 0 (tension), the symmetric mode is the mode of instability for least tensile
stressg (6 = — P). The limiting value of ¢ for necking as h/L — Qis given by (6.15)as¢ = E.
which is the well known result. Hill [9] shows from his uniqueness condition that for
Er/o < 1 (with the appropriate change in notation) uniqueness is no longer assured and
remarks that stronger inequalities can likely be found for certain boundary conditions
and dimensions. The eigencondition (6.15) which applies to thin bars of arbitrary width
indicates that ¢ increases steadily as h/L increases until A/L = 1-01 (then ¢ = 4-50E;), and
then ¢ oscillates slightly as h/L increases further. There are solutions for the antisymmetric
mode in tension for

)
1-47<§;< . 051 <£ < .

For a thin, flat bar of sufficient length, the critical stress for necking in plane stress (c = E;)
1s less than the critical stress for necking in plane strain (o = 4E/3), so such a bar is more
susceptible to necking across the width than through the thickness.

A plane stress solution for a rigid—plastic material obeying the von Mises yield criterion
has been given by Goodier [6]. The analysis is based on the Kirchhoff stress tensor which
coincides with the true stress tensor used here, in virtue of the condition of incompressi-
bility. Hence the boundary conditions and equations of equilibrium in [6] are identical
to (6.8) and (6.10). The velocity fields considered are the same as (6.4) and (6.13). The only
difference lies in the constitutive relations employed. Equation (6.11) coincides with the
constitutive relation in [6] when P = 0. This single difference leads to eigenconditions
quite different from (6.15). The eigenconditions in [6], {equations (37) and (48)) do not
admit solutions for uniform tension in state B; hence necking is excluded. Also, the sym-
metric “bulging” mode in compression discussed in [6] for plane stress does not occur
according to (6.15), although it does for plane strain, as discussed in Section 5.

The principle of objectivity admits other designations of stress rate besides (2.11).
The stress rates ¥ are themselves objective, and when the stress rates 1V are used in (2.10)
in place of the stress rates §;;, the constitu@ive relation for the plastic strain rates used in
[6] is obtained. The use of the stress rates ¥ in (2.10) can be based on some special results
of the general theory of Section 5 in [1] which follow from consideration of a rigid-plastic
material.
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7. DISCUSSION

The stability of inelastic columns has been treated very generally by Hill and Sewell
[13-15], with attention being given to shear deformation. However, the subsequent work
by Sewell [16,17] on the instability of inelastic plates neglects shear deformation. The
shear stiffening effect in plates, and the symmetric modes which describe necking in tension
or bulging in compression have not been explored extensively. The eigencondition (4.14)
accounts for these additional aspects of the plate buckling problem.

The boundary conditions in the present treatment have the feature that the tangential
component of velocity v over the compressed edges of the plate is not specified. The shear
stress obtained in the solution vanishes over these edges, #, = x = + L, so there must be
no restraint due to friction. The velocity fields considered represent the difference between
two possible fields, the deformation corresponding to one being uniform and the other
buckled. Since the normal component of velocity u vanishes over the compressed edges,
as well as the shear stress, the difference in the rate of doing work for the two fields is zero.
The solution represents buckling in the Shanley sense which occurs under sustained flow
when there is no reversal in the direction of straining. The amplitudes of the eigenfields
can be chosen arbitrarily small, so this condition can always be met. The treatment here
corresponds to the “linear” solid of Hill and Sewell. The “‘non-linear” solid which covers
Engesser—Karman buckling in which reversal occurs has not been considered.

Acknowledgement- ~The author wishes to thank Professor P. M. Naghdi for his helpful comments and suggestions.
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APPENDIX

In order to justify the constitutive relations (2.6) and (2.7), it is convenient to define a
symmetric covariant tensor gy, by

8ki = gL+ 2ex; (A1)

and to denote its symmetric contravariant conjugate by g"¥L. If the continuum can be
unloaded from state B without reverse plastic flow or residual stresses resulting, then gy,
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i1s the covariant metric tensor of the unloaded state B, referred to the convected coordinate
system Yy, It is now assumed that the elastic constants of the material are not altered by
plastic deformations and that the material remains isotropic at all times. The Hooke’s law
relation for reloading from the hypothetical unloaded state B, referred to the convected
cordinate system Y, is (cf. [8], equation (5.4.32))

Eeiy = [(1 +V)gkugly ~ v&x18un]S™", (A.2)

where is the symmetric contravariant Kirchhoff stress tensor. The constitutive relation
(A.2) has the form postulated in [1] (equation (5.3)). The inverse of (A.2) is

SMN

E ”" " v n KL n 4
KL _ 1—_‘:,[‘2 KMg LN+r—Zg “‘g MNjeMN_ {A.3)
Then from (A.3) it follows that GSKL  agMN
N (A.4)

Hence S** can be related to a scalar function A4, the Helmholtz function which for iso-
thermal deformations depends on ¢; and %, , by

SH = por (A.5)

where p,, is the initial density, as required by equation (6.11) of [1]. The constitutive relation
(A.2) has now been justified on thermodynamic grounds.

The constitutive relations (2.6) and (2.7) are approximations of (A.2) suitable for des-
cribing material behaviour when the tangent modulus is small compared to Young’s
modulus and when volume changes in the plastic part of the deformation are zero. The
first condition is the basis of the approximation (2.5) and the additional approximation

ExL = ki {A.6)

which enters into the derivation of (2.7) from (2.6). According to the second condition, the
substitution of the true stress tensor TXX for the Kirchhoff stress tensor S¥% in (A.2) is
consistent with the approximation (2.5). These approximations greatly simplify subsequent
computation.

The term “elastic” has not been used in the strict sense of [1]. Its use here is considered
appropriate because the constitutive equation for ¢}, incorporates the elastic constants
of the material.

{Received 15 May 1967 ; revised 12 December 1968)

A6cTpacT—BpIBOIATCS ONpelessiolIMe 3aBHCUMOCTH, B NPHIOAHON dopMe, ¢ UebK HCIONbIOBAHUS
HX B 3aja¥aX YCTOHYMBOCTH J[UIfl YHPYIOIUIACTHYECKOTO MAaTepHalla, MOABEPTaloErOCs BOIMYILCHUY
13 OAHOCHOTO HAIPKEHHOIO COCTOAHMS, OCHOBaHHbIC Ha ofuiell Teopuu I'pusHa ¥ Harau ans yrpyro-
MIACTHYECKOTO KOHTHHYYMA (1), PaccMaTprBaroTCst KBAa3UCTATHYECKAsl W M30TepMuyeckas aedopmaiiui,
MaTepuall NepexognT B INTACTUYECKOE COCTOSHHE COTJIACHO KpUTepus Mu3eca u noaBepragTes ruiactuyec-
KOMY TEYEHHIO COTNIACHO ypaBHeHUAM Peifcca. CkopocT ynpyrux nehopmauuil onpenenstorces o 3aKoHy
I'yka. 3ateM 3Ty 3aBUCHMOCTH MIPHMEHAIOTCH NS UCCNEAOBAHUS BIMAHUS TOMMUHBI ITACTHHKH Ha Hey-
CTORYMBOCTL OPAMOYIOAPDHOW IUMACTHHKK, TOABEPraONICHCS OJHOMEPHOMY OAHOOCHOMY CXKATHIO.
PaccmMaTpUBaeTCd HEYCTOWUMBOCTH TOBEPKHOCTH CXKATOTO TMO/yGECKOHEMHOIO  YIPYIroO-fUTaCTHYECKOTO
KOHTHHYYME B Ka4eCTBE TPaHMYOr(C CIyyYas TOJLMHBI DeckoHeuHol mnacrusku, KoucraTtupyercs, 470
MIACTHYECKOE TeYCHHE B HEOONBUION CTENEHH BAMAECT HA HEYCTOMMMBOCTL TTOBEPXHOCTH, DO oHa moasep-
raercs ynpyroii nedopmaumu. Ha koHew, 06cyxaioTca ABa cryyas IUTA eCTKO-TIAaCTHYECKOTo MaTepuana,
WIOCKOH AedopMalUM M IUTOCKOTO HANPSXKEHHS, C LENbI0 CPAaBHEHMS HACTOSLLETO MCCIICHOBAaHUA C
npeasiayiueit pabotoit.



